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Abstract
We prove that every irreducible compact Kähler surface with δW− = 0 is Kähler–Einstein or is biholomorphic
to a ruled extremal Kähler surface.  2002 Elsevier Science B.V. All rights reserved.
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0. Introduction
Every Einstein manifold (M,g) satisfies the condition δW = 0 where W is the Weyl tensor of (M,g).
In dimension four this condition is equivalent to the equations δW− = 0, δW+ = 0 where W+,W− are
respectively the self-dual and anti-self-dual components of W . Thus every compact Kähler–Einstein
surface is a compact Kähler surface with harmonic negative part of the Weyl tensor W . The other
examples of such surfaces are the products of compact Riemannian surfaces of constant curvature.
These are the only known examples of compact Kähler surfaces with harmonic anti-self-dual part of
the conformal Weyl tensor. On the other hand there exist many non-Einstein compact four-manifolds
(M,g) with δW− = 0 for some orientation of (M,g), for example compact self-dual manifolds (see,
e.g., [11]). It is known that self-dual Kähler 4-manifolds (M,g, J ) are Bochner-flat. M. Matsumoto and
S. Tanno proved [14] that every Bochner flat Kähler manifold satisfies the condition
∇Xρ(Y,Z)= 1
(2 dimM + 4)
(
g(X,Y )Zτ + g(X,Z)Y τ + 2g(Y,Z)Xτ
(∗)− g(JX,Y )(JZ)τ − g(JX,Z)(JY )τ)
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where τ is the scalar curvature of (M,g). Consequently Ricci tensor ρ of any Kähler Bochner-flat
manifold satisfies the condition
(∗∗)∇Xρ(X,X)= 2
n+ 2Xτg(X,X)
where τ is the scalar curvature of (M,g) and n= dimM . This property was studied by A. Gray in [9].
A. Gray called Riemannian manifolds satisfying (∗∗) the AC⊥-manifolds. In the present paper we shall
show that every Kähler surface has a harmonic anti-self-dual part W− of the Weyl tensor W (i.e., such
that δW− = 0) if and only if it is an AC⊥-manifold. We also prove that a Kähler manifold is an AC⊥-
manifold if and only if it satisfies the condition (∗). It is well known that compact self-dual Kähler
surfaces are locally symmetric (see [4,7]) and that a Kähler manifold with harmonic Weyl tensor has a
parallel Ricci tensor (this last result due to S. Tanno [17] holds locally). A Kähler surface has a harmonic
positive Weyl tensor W+ (δW+ = 0) if and only if its scalar curvature τ is constant (see [7]). The aim of
this paper is to investigate compact Kähler surfaces with harmonic negative Weyl tensor (δW− = 0). The
main result of the present paper is the following theorem:
Theorem. Every compact Kähler surface (M,g, J ) with harmonic anti-self-dual Weyl tensor (δW− = 0)
has constant scalar curvature (and thus is Einstein or is locally a product of two Riemannian surfaces
with constant sectional curvatures) or is a ruled surface with extremal Kähler metric and non-constant
scalar curvature which admits an opposite Hermitian structure J¯ such that (M,g, J¯ ) satisfies a (G2)
condition of Gray and is conformal to an extremal Kähler surface.
J.P. Bourguignon [4] has proved that every compact four manifold (M,g) with harmonic curvature
tensor δR = 0 and non-vanishing signature is Einstein. We prove also in the present paper that for Kähler
surfaces (M,g, J ) the same result holds under much weaker assumption δW− = 0, precisely we shall
prove
Corollary. Let (M,g, J ) be a compact Kähler surface with δW− = 0. If the signature σ (M) is different
from zero (σ (M) = 0) and (M,g) is real analytic then (M,g, J ) is a Kähler–Einstein manifold.
1. Preliminaries
Let (M,g, J ) be an almost Hermitian manifold. We shall assume that (M,g) is a smooth or a
real analytic Riemannian manifold with the Levi-Civita connection ∇ . In the second case it means
in particular that the scalar curvature τ of (M,g) is a real analytic function τ ∈ Cω(M). We say
that (M,g, J ) is a Kähler manifold if its Kähler form Ω(X,Y ) = g(JX,Y ) is closed (dΩ = 0) and
(M,J ) is a complex manifold. In the sequel we shall consider 4-dimensional Kähler manifolds (M,g, J )
which we shall also call Kähler surfaces and hermitian surfaces (M,g, J ), i.e., almost hermitian four-
manifolds with integrable almost complex structure. Such manifolds are always oriented and we choose
an orientation in such a way that Ω is a self-dual form (i.e., Ω ∈ ∧+M). The Hodge star operator ∗
(which depends on the orientation of M) defines an endomorphism ∗ :∧2M →∧2M with ∗2 = id and
we denote by ∧+, ∧− its eigensubbundles corresponding to 1, −1, respectively. The curvature tensor R
of a 4-dimensional manifold (M,g) determine an endomorphism R of the bundle ∧M defined by
g
(R(X ∧ Y ),Z ∧W)=R(X ∧ Y,Z ∧W)=−R(X,Y,Z,W)=−g(R(X,Y )Z,W),
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where R(X,Y )Z= ([∇X,∇Y ] −∇[X,Y ])Z. We say that an almost Hermitian manifold (M,g, J ) satisfies
the second condition (G2) of A. Gray if its curvature tensor R satisfies the condition
(G2)R(X,Y,Z,W)−R(JX,JY,Z,W)=R(JX,Y, JZ,W)+R(JX,Y,Z,JW)
for all X,Y,Z,W ∈X(M). Let us define B = 12 (R−∗R∗); W = 12 (R+∗R∗)0 = 12(R+∗R∗)− τ12 Id;
W+ = 12 (W +∗W); W− = 12(W −∗W). Then
R= τ
12
Id +B +W+ +W−.
The tensor W is called the Weyl tensor and its components W+, W− are called the self-dual and anti-self-
dual Weyl tensors. For an arbitrary smooth tensor field T of type (0, n) we define its divergence δT to
be the (0, n− 1) tensor field δT (X1,X2, . . . ,Xn−1)=− tr∇·T (·,X1,X2, . . . ,Xn−1). Tensors satisfying
δT = 0 are called harmonic. We have δW = δW+ + δW−. Since W± :∧± → ∧± and ∧± are invariant
under parallel displacements we have δW±(X, ·, ·) ∈ ∧± for any X ∈ TM . The vector bundle of self-dual
forms admits a decomposition
∧+M =RΩ ⊕LM,
where by LM we denote the bundle of real J -skew invariant 2-forms (i.e., LM = {Φ ∈ ∧M: Φ(JX,JY )
=−Φ(X,Y )}). The bundle LM is a complex line bundle over M with the complex structure J defined
by (JΦ)(X,Y )=−Φ(JX,Y ). The Lee form θ of (M,g, J ) is defined by the equality dΩ = θ ∧Ω . We
have θ =−δΩ ◦ J . The conformal scalar curvature κ of a Hermitian manifold (M,g, J ) is conformally
covariant of weight −2 and is related to the Riemannian scalar curvature τ of (M,g) by
κ = τ − 32
(|θ |2 + 2δθ).
An almost Hermitian manifold (M,g, J ) is said to have a Hermitian Ricci tensor ρ if ρ(X,Y ) =
ρ(JX,JY ) for all X,Y ∈ X(M). A Hermitian four manifold (M,g, J ) is said to have an opposite
Hermitian structure if it admits an orthogonal Hermitian structure J¯ with anti-self-dual Kähler form Ω .
We shall call (M,g, J ) an anti-Hermitian manifold with anti-Hermitian structure J¯ . In the sequel we shall
assume that (M,g, J ) has a Hermitian Ricci tensor. This condition is equivalent to R(LM)⊂∧+M .
By an AC⊥-manifold we mean a Riemannian manifold (M,g) satisfying the condition
(∗)CXYZ∇Xρ(Y,Z)= 2
(dimM + 2)CXYZXτg(Y,Z),
where ρ is the Ricci tensor of (M,g) and C means the cyclic sum. In [10] it is proved that a Riemannian
manifold (M,g) is an AC⊥ manifold if and only if the Ricci endomorphism Ric of (M,g) is of the form
Ric = S + 2
n+2τ Id where S is a Killing tensor, τ is the scalar curvature and n= dimM . Let us recall that
a (1,1) tensor S on a Riemannian manifold (M,g) is called a Killing tensor if g(∇S(X,X),X)= 0 for
all X ∈ TM . Define the integer-valued function ES(x)= (the number of distinct eigenvalues of Sx) and
set MS = {x ∈M: ES is constant in a neighbourhood of x}. The set MS is open and dense in M and
the eigenvalues λi of S are distinct and smooth in each component U of MS . Let us denote by Dλi the
eigendistributions corresponding to λi . We have (see [10])
Proposition. Let S be a Killing tensor on M and U be a component of MS and λ1, λ2, . . . , λk ∈C∞(U)
be eigenfunctions of S. Then for all X ∈Dλi we have
(1.1)∇S(X,X)=−1
2
∇λi‖X‖2
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and Dλi ⊂ ker dλi . If i = j and X ∈ Γ (Dλi ), Y ∈ Γ (Dλj ) then
(1.2)g(∇XX,Y )= 12
Yλi
λj − λi ‖X‖
2.
Finally let us recall that a Riemannian manifold with Killing Ricci tensor is called after A. Gray an
A-manifold (it is an AC⊥-manifold with constant scalar curvature).
2. KählerAC⊥-surfaces
We start with giving the characterization of the general Kähler AC⊥-manifolds (M,g, J ).
Proposition 1. Let us assume that (M,g, J ) is a Kähler AC⊥-manifold. Then the following relation
∇Xρ(Y,Z)= 1
(2 dimM + 4)
(
g(X,Y )Zτ + g(X,Z)Y τ + 2g(Y,Z)Xτ
(2.1)− g(JX,Y )(JZ)τ − g(JX,Z)(JY )τ)
holds on M .
Proof. Let us recall that for every Kähler manifold (M,g, J ) the following (well-known) formula holds
(compare [16]):
(2.2)∇Zρ(X,W)−∇Wρ(X,Z)=∇JWρ(JZ,X)−∇JZρ(JW,X).
Note that for any AC⊥-manifold we have
(2.3)∇Xρ(Y,Z)+∇Zρ(X,Y )+∇Y ρ(Z,X)= 2
n+ 2
(
Xτg(Y,Z)+Zτg(X,Y )+ Yτg(Z,X)).
Consequently
(2.4)∇Xρ(Y,Z)−∇Y ρ(Z,X)=−∇Zρ(X,Y )− 2∇Y ρ(Z,X)+ CXYZ 2
n+ 2
(
Xτg(Y,Z)
)
.
Analogously
∇JXρ(JY,Z)−∇JYρ(Z,JX)=−∇Zρ(JX,JY )− 2∇JY ρ(Z,JX)
(2.5)+ CJXJYZ 2
n+ 2
(
JXτg(JY,Z)
)
.
From (2.4) and (2.5) we get
2∇JYρ(Z,JX)= 2∇Y ρ(Z,X)− CXYZ 2
n+ 2
(
Xτg(Y,Z)
)
(2.6)+ CJXJYZ 2
n+ 2
(
JXτg(JY,Z)
)
.
Taking Z =X in (2.6) we obtain
(2.7)∇Y ρ(X,X)= 1
n+ 2
(
Xτg(Y,X)+ Yτg(X,X)− JXτg(JY,X)).
Since ∇Xρ(Y,Z) is symmetric with respect to Y,Z (2.7) implies (2.1). ✷
W. Jelonek / Differential Geometry and its Applications 16 (2002) 267–276 271
Remark. It is easy to check that if an almost Hermitian manifold (M,g, J ) satisfies (2.1) then it is an
AC⊥-manifold. Thus Kähler AC⊥-manifolds are characterized uniquely by the relation (2.1).
Let us recall that for a Riemannian manifold (M,g) we have
−δW(X,Y,Z)=∇XP (Y,Z)−∇YP (X,Z),
where P(X,Y )= n−3
n−2 (ρ(X,Y )− 1(2n−2) τg(X,Y )). If (M,g, J ) is Kähler then (2.2) implies
δW(X,Y,Z)− δW(JX,JY,Z)
(2.8)= n− 3
(n− 2)(2n− 2)
(
Xτg(Y,Z)− Yτg(X,Z)− JXτg(JY,Z)+ JYτg(JX,Z)).
Thus on a Kähler manifold (M,g, J ) the (0,2)+(2,0) component of δW :∧2TM→ T ∗M is completely
determined by the scalar curvature τ and the complex structure J .
Now let us assume that (M,g, J ) is a Kähler surface, i.e., dimM = 4. We shall denote by
δW+ :∧+M → T ∗M (respectively, by δW− :∧−M → T ∗M) the self-dual (anti-self-dual) part of δW .
Note that δW± coincides with the divergence of the tensor W±. Our present aim is to prove
Proposition 2. Let us assume that (M,g, J ) is a Kähler surface. Then (M,g) is anAC⊥-manifold if and
only if δW− = 0.
Proof. Note that δW− = 0 if and only if the (1,1) component of δW equals to Ω⊗φ where φ ∈A1(M).
Note that any Kähler surface satisfies W+(Ω) = τ6Ω and consequently δW+(Ω) = − 16J dτ . Thus a
Kähler surface satisfies
(2.9)δW(X,Y,Z)+ δW(JX,JY,Z)= JZτ
6
Ω(X,Y )
if and only if δW− = 0. (2.8) and (2.9) imply then
2δW(X,Y,Z)= 112
(
Xτg(Y,Z)− Yτg(X,Z)− JXτg(JY,Z)
(2.10)+ JYτg(JX,Z)+ 2JZτg(JX,Y )).
We also have
(2.11)2δW(X,Y,Z)=∇Y ρ(X,Z)−∇Xρ(Y,Z)− 16Yτg(X,Z)+ 16Xτg(Y,Z).
(2.10) and (2.11) yield
∇Xρ(Y,Z)−∇Y ρ(X,Z)= 112
(
Xτg(Y,Z)− Yτg(X,Z)+ JXτg(JY,Z)
(2.12)− JYτg(JX,Z)− 2JZτg(JX,Y )).
Taking Z = JX in (2.12) we obtain
(2.13)∇Xρ(Y, JX)= 12
(
3Xτg(JX,Y )+ JXτg(X,Y )− JYτg(X,X)).
Taking Y = JZ in (2.13) we get (since ∇Xρ(JY, JZ)=∇Xρ(Z,Y ))
∇Xρ(X,Z)= 12
(
3Xτg(X,Z)+ JXτg(X,JZ)+Zτg(X,X)).
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Thus we obtain for arbitrary X,Y,Z
∇Xρ(Y,Z)+∇Y ρ(X,Z)= 112
(
3Xτg(Y,Z)+ 3Yτg(X,Z)+ JXτg(Y, JZ)
(2.14)+ JYτg(X,JZ)+ 2Zτg(X,Y )).
Relations (2.14) and (2.12) yield that relation (2.1) holds for (M,g, J ). Consequently (M,g) is anAC⊥-
manifold. On the other hand it is easy to check that a Kähler manifold satisfying (2.1) satisfies δW− = 0
since then condition (2.9) is satisfied. ✷
As a corollary we obtain:
Corollary. Let (M,g, J ) be a Kähler surface with δW− = 0 and constant scalar curvature. Then
(M,g, J ) is Kähler–Einstein manifold or it is locally the product of two Riemannian surfaces (complex
lines) of constant sectional curvatures.
Proof. If τ is constant then from (2.1) we obtain ∇ρ = 0 and the result follows. ✷
Our next aim is to characterize Killing tensors with two eigenvalues of multiplicity two on a
4-dimensional manifold.
Proposition 3. Let us consider a Killing tensor S on a Riemannian 4-manifold (M,g). Let us
assume that S has on M exactly two different eigenfunctions λ,µ ∈ C∞(M) and that corresponding
eigendistributions Dλ, Dµ are two-dimensional and orientable. Then there exist on (M,g) two
orthogonal Hermitian structures J , J¯ opposite to each other which commute with S.
Proof. Let us choose a local orthonormal frame {E1,E2,E3,E4} on M such that {E1,E2} is an oriented
local basis of Dλ and {E3,E4} is an oriented local basis of Dµ. Let us define two almost Hermitian
structures J , J¯ on (M,g) by formulas
(2.15)JE1 =E2, JE3 =E4, J¯E1 =E2, J¯E3 =−E4.
Then S ◦ J = J ◦ S and J¯ ◦ S = S ◦ J¯ . We shall show that both structures J , J¯ are in fact Hermitian
structures. Note that from (1.1) it follows that
(2.16)∇S(E1,E1)=∇S(E2,E2)=− 12∇λ.
Consequently we have ∇S(E1,E2)+∇S(E2,E1)= 0. Analogously we have
(2.17)∇S(E3,E3)=∇S(E4,E4)=− 12∇µ
and ∇S(E3,E4)+∇S(E4,E3)= 0. From the equality S ◦ J = J ◦ S we get
(2.18)∇XJ ◦ SY + J ◦ ∇XSY =∇XS ◦ JY + S ◦ ∇XJY.
Let us denote by {θ1, θ2, θ3, θ4} a coframe dual to a frame {E1,E2,E3,E4}. Let us denote by Ω , Φ, Ψ the
self-dual (with respect to J ) forms Ω = θ1 ∧ θ2 + θ3 ∧ θ4, Φ = θ1 ∧ θ3 + θ4 ∧ θ2, Ψ = θ1 ∧ θ4 + θ2 ∧ θ3.
Then Ω is a Kähler form of (M,J ) and Ω , Φ, Ψ is a local orthogonal basis of ∧+M . The forms Φ,
Ψ determine endomorphisms Φ+, Ψ + where Φ(X,Y )= g(Φ+X,Y ), Ψ (X,Y )= g(Ψ +X,Y ). Note that
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Ω+ = J . It is clear that
(2.19)Φ+Dλ =Dµ, Φ+Dµ =Dλ, Ψ +Dλ =Dµ, Ψ +Dµ =Dλ.
We also have
∇XJ = α⊗Φ+ + β ⊗Ψ +
for certain local 1-forms α, β. Note that from (2.19) it follows that ∇J (E1,E1) ∈Dµ, ∇J (E2,E2) ∈Dµ.
On the other hand in view of (2.18) we have
(2.20a)(S − λI)(∇J (E1,E1)
)+ J ◦ ∇S(E1,E1)=∇S(E1,E2),
(2.20b)(S − λI)(∇J (E2,E2)
)+ J ◦ ∇S(E2,E2)=−∇S(E2,E1).
Consequently we obtain
(2.21a)(µ− λ)∇J (E1,E1)=− 12J (∇λ)+∇S(E1,E2),
(2.21b)(µ− λ)∇J (E2,E2)=− 12J (∇λ)−∇S(E2,E1).
The relations (2.21a) and (2.21b) yield
(2.22)(µ− λ)(∇J (E1,E1)−∇J (E2,E2)
)=∇S(E1,E2)+∇S(E2,E1)= 0.
Thus we have ∇J (E1,E1)=∇J (E2,E2). Analogously ∇J (E3,E3)=∇J (E4,E4). The above relations
imply β =−α ◦ J . Thus
(2.23)∇J = α ⊗Φ+ +J α⊗Ψ +
which means that J is a Hermitian structure. In a similar way one can show that J¯ is a Hermitian structure
on (M,g). ✷
Our present aim is to prove
Theorem 1. Let (M,g, J ) be a compact Kähler surface with δW− = 0. Let us assume that (M,g) is real
analytic as Riemannian manifold. Then (M,g) has constant scalar curvature or a scalar curvature of
(M,g) is non-constant and (M,J ) is a ruled surface, (M,g, J ) is an extremal Kähler surface and there
exists an opposite Hermitian structure J¯ on M such that (M,g, J¯ ) is a G2 manifold conformal to an
extremal Kähler surface.
Proof. We can assume that the scalar curvature τ of (M,g) is non-constant on M . Let us denote by µ,
λ the eigenvalues of the Ricci tensor ρ of (M,g). Since the metric g is real analytic it follows that the
set U = {x ∈M: λ(x) = µ(x)} is open and dense in M . Note that two rank two eigensubbundles of ρ
are oriented (since (M,g, J ) is Kähler). These eigensubbundles determine an opposite almost Hermitian
structure J¯ , which is Hermitian in view of Proposition 3. Note that
(2.24)J¯ |Dλ = J |Dλ, J¯ |Dµ =−J |Dµ,
where Dλ,Dµ are eigendistributions (defined in U ) corresponding to λ, µ, respectively. Let κ be a
conformal scalar curvature of (U,g, J¯ ). Let Ω be the Kähler form of (U,g, J¯ ). Then W− Ω = κ6 Ω
(see [1]). In view of the relation |W−|2 = 124κ2 satisfied on U κ extends to a continuous function on M
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which we shall also denote by κ . An equality δW− = 0 yields κ = 0 on U and then W− = 0 on the
whole of M or κ = 0 on U . If W− = 0 then (M,g, J ) is self-dual Kähler surface, hence it is locally
symmetric (see [7]) which means that τ is constant, a contradiction. We have Ric= S + 13τ Id where Ric
is the Ricci endomorphism of (M,g) and S is a Killing tensor. It follows that trS = − τ3 . Let us now
denote by λ′ = λ− 13τ , µ′ = µ− 13τ the eigenvalues of the Killing tensor S. Note that eigendistributions
of S coincide with the eigendistributions of the Ricci tensor of (M,g). From the properties of Killing
tensors (see [10]) we have ∇S(X,X)=− 12∇λ′g(X,X) if X ∈Dλ and ∇S(X,X)= − 12∇µ′g(X,X) if
X ∈Dµ. We also have ∇λ′ ∈ Γ (Dµ), ∇µ′ ∈ Γ (Dλ). Note that the equations
(2.25)(a) S ◦ J = J ◦ S and (b) S ◦ J¯ = J¯ ◦ S
are satisfied on U . From (2.25a) we obtain
(2.26)∇S(X,JY )= J∇S(X,Y )
and from (2.25b) we get
(2.27)∇S(X, J¯Y )+ S(∇J¯ (X,Y ))=∇J¯ (X,SY )+ J¯∇S(X,Y ).
Note, that if X ∈ Dλ then ∇J¯ (X,X) ∈ Dµ since X, J¯X span Dλ and ∇J¯ (X, J¯Y )= −∇J¯ (J¯X,Y ) for
X,Y ∈ T U . If X ∈Dλ (2.27) yields
∇S(X, J¯X)+µ′∇J¯ (X,X)= λ′∇J¯ (X,X)+ J¯∇S(X,X).
Consequently
(2.28)−2J¯∇S(X,X)= (λ−µ)∇J¯ (X,X).
Analogously if X ∈Dµ then (2.28) yields
(2.29)2J¯∇S(X,X)= (λ−µ)∇J¯ (X,X).
Hence we obtain
trg ∇J¯ = 2
λ−µJ¯ (∇λ−∇µ).
Consequently the Lee form θ¯ of (U,g, J¯ ) is given by
(2.30)θ¯ = J¯ (δ Ω)= 2d(ln |λ−µ|).
Note that we have (see [1, Proposition 1]) κ = 0 on U and thus on M or
(2.31)θ¯ =− 23d ln |κ| = 2d ln |λ−µ|
and consequently we have on U
(2.32)κ =C(λ−µ)−3
for some constant C ∈ R − {0}. Since κ extends to a continuous function on M it follows that λ = µ
on the whole of M and consequently U =M . It means that the Hermitian structure J¯ is defined on the
whole of M . Since (M,g, J¯ ) has Hermitian Ricci tensor and satisfies a condition δW− = 0 it follows that
(M,g, J¯ ) satisfies the condition (G2) of A. Gray (see [1]). The anti-self-dual Weyl tensor W− has exactly
two eigenvalues on M and W− = 0 on M . If κ = 0 then the field ξ = J¯ (∇κ−1/3) is a (J¯ )-holomorphic
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Killing vector field. It means that J¯ (∇λ′ − ∇µ′)=−J (∇λ′ + ∇µ′)= 16J (∇τ) is a holomorphic Killing
field for (M,g, J ) and consequently (M,g, J ) is an extremal Kähler surface. Note that (M,g, J¯ ) is also
conformal to an extremal Kähler surface with non-constant scalar curvature (M,κ2/3g, J¯ ). Let us recall
that an extremal Kähler surface with non-constant scalar curvature is a blow up of CP2 or a ruled surface
at a finite number of points (see [3,5,7]). Note that any ruled surface has vanishing signature (see [2]). Let
us assume that the signature σ (M) of (M,J ) is different from 0. Then (M,J ) or (M, J¯ ) has a positive
signature (σJ (M)=−σJ¯ (M)). Consequently (M,J ) or (M, J¯ ) would be biholomorphic to CP2. But it
is well known that the projective space CP2 does not admit an opposite almost Hermitian structure (since
in that case χ(CP2) = 3, σ (CP2) = 1 and for −CP2 we have χ(−CP2) = 3, σ (−CP2) = −1 so that
χ(−CP 2)+ σ (−CP2)= 2 = 0 mod 4. Hence σ (M)= 0. Consequently (M,J ) is a blow up of CP2 at
one point or is biholomorphic to a ruled surface. It is well known that a blow up of CP2 at one point is
isomorphic to a Hirzebruch surface F1 which is a ruled surface of genus 0. It follows that if (M,g, J )
has non-constant scalar curvature then it is biholomorphic to a ruled surface. ✷
Corollary. Let (M,g, J ) be a compact Kähler surface with δW− = 0. If the signature σ (M) is different
from zero (σ (M) = 0) and (M,g) is real analytic then (M,g, J ) is a Kähler–Einstein manifold.
Proof. If the scalar curvature τ of (M,g, J ) is constant and (M,g) is not Einstein then (M,J ) is
locally a product of two Riemannian surfaces (complex lines). Thus (M, J¯ ) is also Kähler. Consequently
|W+|2 = |W−|2 = τ 224 and σ (M)= 112π2
∫
M
(|W+|2 − |W−|2) dV = 0. ✷
Remark. Let us recall that a Kähler manifold with harmonic Weyl tensor δW = 0 has a parallel Ricci
tensor (it is a result of S. Tanno see [7,17]). On the other hand there are known (non-compact) examples of
self-dual Kähler surfaces with non-constant scalar curvature (see [6]) so an analogous result does not hold
in the case δW− = 0. J.L. Kazdan has proved (it was communicated by L. Vanhecke in [15, p. 217]) that
everyAC⊥-manifold with constant scalar curvature (i.e., anA-manifold in the Gray’s notation) is always
analytic in geodesic normal coordinates (see [8] for an Einstein case). It seems to the author that similar
methods should hold for the case of an arbitrary AC⊥-manifold. If it is really the case our assumption
of (M,g) being of class Cω in Theorem 1 and in corollary from Theorem 1 would be redundant. Some
results on the extremal Kähler metrics on ruled surfaces were obtained by C. LeBrun [12]. In [10] the
author showed that there is a close relation between Einstein–Weyl manifolds and certain class of AC⊥-
manifolds. In particular there are many non-trivial compact 4-dimensional examples of AC⊥-manifolds
(see [13]).
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